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Abstract—Over the past decade as Moore’s Law has slowed,
the need for new forms of computation that can provide sus-
tainable performance improvements has risen. A new method,
called in situ computing, has shown great potential to accelerate
matrix vector multiplication (MVM), an important kernel for a
diverse range of applications from neural networks to scientific
computing. Existing in situ accelerators for scientific computing,
however, have a significant limitation: these accelerators provide
no acceleration for preconditioning—a key bottleneck in linear
solvers and in scientific computing workflows.

This paper enables in situ acceleration for state-of-the-art
linear solvers by demonstrating how to use a new in situ matrix
inversion accelerator for analog preconditioning. As existing
techniques that enable high precision and scalability for in
situ MVM are inapplicable to in situ matrix inversion, new
techniques to compensate for circuit non-idealities are proposed.
Additionally, a new approach to bit slicing that enables splitting
operands across multiple devices without external digital logic
is proposed. For scalability, this paper demonstrates how in
situ matrix inversion kernels can work in tandem with existing
domain decomposition techniques to accelerate the solutions of
arbitrarily large linear systems. The analog kernel can be directly
integrated into existing preconditioning workflows, leveraging
several well-optimized numerical linear algebra tools to improve
the behavior of the circuit. The result is an analog preconditioner
that is more effective (up to 50% fewer iterations) than the widely
used incomplete LU factorization preconditioner, ILU(0), while
also reducing the energy and execution time of each approximate
solve operation by 1025x and 105x respectively.

Index Terms—Accelerator architectures, Analog computers,
Linear systems

I. INTRODUCTION

Scientific computing has been one of the most important
drivers of innovation since the advent of digital computing.
Advances in computing have enabled increasingly high-fidelity
simulations, often of phenomena that would be too expen-
sive or otherwise infeasible to investigate in the real world.
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To continue the pace of advancement as technology scaling
slows requires new computing approaches and paradigms. One
promising new paradigm is in situ computing where physical
phenomena within memory arrays are exploited to perform
computation more efficiently than using conventional digital
systems [5]. In particular, in situ matrix-vector multiplication
(MVM) shows significant potential due to the broad applica-
bility of MVM.

Although many in situ MVM accelerators are optimized for
the reduced precision requirements of machine learning [7],
[31]-[33], recently an in situ MVM accelerator for scientific
computing was proposed with significant potential benefits
over a GPU-based system [11]. Unfortunately, accelerating
MVM alone is insufficient for addressing state-of-the-art sci-
entific computing problems. To efficiently solve large linear
systems, where matrices can have billions of rows, iterative
solvers are required. In these solvers, the rate of convergence
is paramount, as reducing the number of iterations to con-
vergence directly reduces both the latency of computation
and the energy consumption. Moreover, for many challenging
problems, widely used iterative solvers may not converge at
all. To improve the rate of convergence, modern solvers use
preconditioners that transform linear systems into problems
that are easier to solve. Without support for preconditioning, in
situ MVM acceleration for iterative solvers cannot provide the
order-of-magnitude improvements implied by prior work [11].

Alternatively, recent work has demonstrated an in sifu
method for matrix inversion using analog crossbars [36].
However, these analog inversion circuits cannot handle ma-
trices that are larger than a single memory array and can-
not solve high-precision problems. Together, these limitations
make them inadequate to solve the large, computationally
intensive problems in scientific computing. Instead of using
these circuit primitives to solve matrices directly, this work
demonstrates that approximate analog matrix inversion is well-
suited to preconditioning as part of a larger iterative solver. As
a preconditioner, in situ matrix inversion only needs to provide
an approximate solution to a linear system. Furthermore,
domain decomposition—a widely used technique for precon-
ditioning large systems—provides a framework for splitting
the preconditioning problem into finite sized blocks which



are solved individually. The proposed analog preconditioner
is more effective than the widely used software RAS+ILU(0)
preconditioner, enabling convergence in up to 50% fewer
iterations when used as part of the GMRES iterative solver.

To improve the accuracy of computation sufficiently for in
sity matrix inversion to work as an effective preconditioner, a
compensation scheme for circuit non-idealities arising from
parasitic effects, amplifier impedances, and finite amplifier
gain is developed. Additionally, to increase precision,a new
modification of bit slicing is proposed to enable splitting
operands across multiple devices as with in situ MVM.

To simplify the integration of the proposed in situ matrix
inversion hardware with existing numerical linear algebra
workflows, this paper demonstrates how the analog processing
step can replace the commonly used incomplete LU decompo-
sition (ILU) preconditioner with minimal algorithmic changes.
Furthermore, this paper analyzes how existing optimizations
in preconditioning workflows can augment the capabilities of
the proposed hardware without significant changes to existing
algorithms.

When compared to a digital system using ILU(0), the pro-
posed in situ preconditioner reduces the energy consumption
and execution time of an approximate solve by 1025x and
105, respectively. The proposed system can be integrated
with prior work on in situ accelerators for iterative solvers [11]
with low overhead, maximizing the system-level benefits of
preconditioning.

II. BACKGROUND

This work builds on prior work that includes in situ com-
puting and high performance linear algebra.

A. In Situ Computing

Over the past quarter century, there has been significant
interest in processing in memory (PIM) accelerators to help
combat the high cost of data movement energy. At the
same time, developments in resistive memory have enabled
numerous advances for in situ accelerators, with the potential
to further improve conventional PIM systems. Unlike PIM
systems where computing is performed close to the memory
arrays, in situ computing performs computation within a
memory array itself, and the result of the computation is read
directly from the array. For instance, when performing a dot-
product operation in a PIM system, the values of both vectors
must be individually read out and multiplied. By contrast, in an
in situ system, the multiplication and accumulation operations
would be performed entirely within the memory array, and the
sum read out directly.

1) In Situ Matrix Vector Multiplication: One in situ kernel
that has been widely explored is matrix vector multiplication
(MVM) due to the ease of mapping the kernel to resistive
crossbars, and the broad applicability of MVM [5], [31].
Figure 1 shows a conceptual example of an in situ MVM
accelerator performing the computation AZ = ¢ on a 3x3
resistive crossbar. The resistive elements are programmed such
that the resistance R;; of each element in the matrix is
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Fig. 1: Conceptual example of an in situ MVM crossbar.

proportional to the values 1/A; ;, and voltages are applied
to each row proportional to the values of Z, noted as V;i_3
in Figure 1. Therefore, the current through an element at
coordinate i,j in the matrix is equal to V;/R,;; where R is
the resistance matrix, and V is the vector of applied currents.
The currents through each column of the crossbar sum through
Kirchoff’s law, such that the current flowing into each ADC
is proportional to y;.

In situ MVM accelerators broadly use two different ap-
proaches for mapping a matrix to a crossbar array depending
on the precision requirements of the application. One tech-
nique, bit slicing, enables in situ MVM with operand precision
greater than can be reliably programmed into a single resistive
device [5]. When using bit slicing, the matrix is divided into
multiple N-bit matrices with the partial results from each
crossbar aggregated through a shift-and-add reduction network
[31]. Equation 1 shows an example of bit slicing using two
bits per cell with a 4-bit fixed point matrix.

[7 9}:22{1 2]+20[3 1] 0
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Bit slicing also enables in situ accelerators to achieve the same
theoretical precision as digital systems with sufficient ADC
precision. Alternatively, several in situ accelerators have pro-
posed using a single crossbar for the entire matrix, bounding
the precision of the computation to the precision of multi-level
memory elements; however, for machine learning applications
this limitation is often tolerable to achieve higher energy
efficiency and lower latency.

Using this in situ MVM primitive, many accelerators have
been proposed for a wide range of applications. Neural net-
works are of particular interest for in situ MVM acceleration
due to their tolerance of low precision, and MVM dominance.
Although most of these accelerators focus purely on neural
network inference to amortize the high cost of writing the
devices, several accelerators for training specifically, or both
training and inference have also been proposed [40]. Even with
the reduced precision requirements of neural networks, many
in situ neural network accelerators still rely on bit slicing to
provide the same accuracy guarantees as a conventional digital
system.

Beyond neural networks, in situ MVM acceleration has
also been proposed for other MVM-dominated applications,
including combinatorial optimization [5], graph analytics [33],
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Fig. 2: Conceptual example of an in sifu matrix inversion array.

and scientific computing [11]. These applications use bit
slicing to achieve higher operand widths, from 32 bit fixed
point in the Memristive Boltzmann Machine [5] to 128 bits
to perform double precision floating point computation for
scientific computing. Another approach by Le Gallo et al. [21]
proposes using a two level solver for scientific computing,
where a resistive crossbar MVM is used for a low precision
solve, and the result is refined by a conventional system.

2) In Situ Linear Algebra Beyond MVM: Beyond in situ
MVM, other in situ linear algebra accelerators have been
proposed. These accelerators exploit the duality between an
analog circuit, and a linear algebra kernel. For instance,
Huang et al. [17] demonstrated an accelerator that uses analog
integrators and multipliers to accelerate ordinary and partial
differential equations (PDEs). The proposed accelerator builds
on techniques proposed in the 1960s for analog computation
and provides significant programmability for handling a wide
variety of one and two dimensional PDEs. However, the
authors note that for three dimensional PDEs the proposed
accelerator runs into significant scalability limits when com-
pared to digital systems.

A different analog accelerator design for solving linear
systems using resistive crossbars that was initially proposed by
Richter et al. [28], and recently experimentally demonstrated
by Sun et al. [36], is shown in Figure 2. Similar to in situ
MVM, a resistive crossbar is programmed such that the con-
ductance of each device is proportional to the corresponding
value in a matrix A. Additionally, the voltages applied to the
columns of the matrix, x;, are analogous to the voltage inputs
in Figure 1 such that a current proportional to the MVM result
is flowing through each row. However, unlike in situ MVM, the
voltages are not externally applied, but rather are determined
by feedback provided by the amplifiers. The amplifier at the
end of each row has a high input impedance. Consequently,
with the current sources on the left-hand side of the figure
disabled, the MVM must satisfy the equation A% = 0, where
Z is proportional to the voltages applied to each column.
When the current sources are enabled the circuit must now
satisfy the equation Ax — b =0, or alternatively Ax = b.
Therefore, the voltages at the output node of the amplifiers
must be proportional to the solution vector Z in the system
of linear equations AZ = b. Using this circuit and similar
circuit primitives, Sun et al. [34], [36] have demonstrated the
potential to accelerate many applications that can be computed

by solving a system of linear equations, including linear
regression [37] and probabilistic eigenvalue computation, such
as PageRank [35].

B. High Performance Linear Solvers

One of the most important kernels in scientific computing
is solving a system of linear equations AZ = b. These
systems of linear equations are often derived from discretizing
PDEs, where a continuous PDE is transformed into a mesh
that approximates the real geometry. Since most PDEs of
interest do not have a closed-form solution, this is the primary
method of modeling physical phenomena that are described
by PDEs [30]. The systems of linear equations resulting from
this discretization are typically large and sparse, meaning the
majority of values in the matrix are zeros. The sparsity of
these matrices enables significantly larger matrices to fit in
memory than if the matrices were represented using a dense
matrix format.

Solvers for sparse systems of linear equations can be subdi-
vided into two categories: direct and iterative methods. Direct
methods use techniques such as LU or QR factorization to
solve a matrix, similar to the techniques used for solving dense
matrices. However, direct solvers for sparse matrices suffer
from fill-in where zero entries become nonzero, increasing the
memory footprint of the computation and limiting scalability.
For larger sparse matrices, iterative solvers such as Conju-
gate Gradient (CG) [14] or Generalized Minimal Residual
(GMRES) [29] are typically used. In an iterative method,
each iteration refines the estimate of & until the estimate
reaches a specified tolerance, or a maximum iteration count
is reached. One challenge with iterative methods is the rate
of convergence; some matrices require tens or hundreds of
thousands of iterations to reach the specified tolerance, and
some matrices may not converge at all. To remedy this, and
improve the rate of convergence, a preconditioner is typically
applied during each iteration of the solver.

1) Preconditioning Iterative Methods: A preconditioner is
a matrix M that approximates A such that solving for &
converges faster with M~1A than with A alone [30]. Thus,
rather than solving for ¥ in A¥ = b, a preconditioned
iterative solver solves for # in M—!A# = M~!b. In practice,
preconditioning is implemented as a solve with matrix M
during each iteration of the solver; therefore, solves with
M should be significantly easier than solves with A. For
instance, a simple form of preconditioning is Jacobi (or di-
agonal) preconditioning. In Jacobi preconditioning, the matrix
that approximates A is M = diag(A), and by extension
M~ = 1/diag(A). In this case solving MZ = b is an
element-wise multiplication between two vectors; however,
the approximation is poor unless A is diagonally dominant.
This highlights a common trade-off in preconditioners: better
approximations of A generally speed preconditioning more
efficiently, but they are more complex to compute in each
iteration.

Another common form of preconditioner is incomplete
LU (ILU) factorization, based on the LU factorization direct
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solver [30]. In both LU and ILU, A is factored into lower
and upper triangular matrices L and U. These matrices are
subsequently used to compute or approximate A~! in every
iteration using forward and backward substitution. ILU is
incomplete because values in L and U are ignored to reduce
fill-in, creating an approximate solve with a significantly lower
memory footprint. Different levels of fill-in are also commonly
used to exploit the trade-off mentioned above between precon-
ditioner efficiency and approximation quality. For instance,
ILU(0) has the same sparsity pattern in the inverse as the
original sparse matrix, such that there is no fill-in, and ILU(1)
has the sparsity pattern of the matrix squared.

2) Domain Decomposition: One challenge with ILU ap-
proximations for preconditioning is the decreasing effective-
ness of the approximation with larger matrices. To improve
scalability, domain decomposition is a widely used technique
that splits a matrix into blocks lying along the diagonal, and
each block is solved [30]. The block solves can be performed
using ILU for approximate solutions, or LU for full solves.
Subsequently, block solutions are combined into a solution
for the full matrix. Notably, even when each block is solved
exactly, the combined solution from each matrix block is still
an approximation as it does not include any values outside
of the diagonal blocks. This is shown in Figure 3a, where
nonzero matrix elements—represented by blue dots—appear
outside of the diagonal blocks, and are not included in the
full approximation.

To improve the approximation, the blocks can be over-
lapped such that the relationship between elements that would
otherwise be in different blocks are considered; however,
this come at the cost of additional blocks to cover the full
diagonal. Figure 3b shows a set of overlapping blocks with
the overlapping regions included in both blocks in red. When
blocks are not overlapped, the resultant vector from each
block solution can be concatenated to form a full solution
vector: this is referred to as the Block Jacobi approach. When
blocks are overlapped, techniques such as Restricted Additive
Schwarz (RAS) are needed to combine the block solutions
without double counting vector elements from the overlapping
regions [6].
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Fig. 4: Comparison of approximation accuracy between
ILU(0), ILU(1) and low-precision circuit approximations.

III. KEY IDEA: AN ANALOG DOMAIN DECOMPOSITION
PRECONDITIONER

The analog MVM and matrix solver circuits discussed above
are inherently limited to finite size memory arrays, and by
extension finite problem sizes. Therefore, realistic problems
must be split into subproblems that can fit onto a single
crossbar and combined externally. Unlike MVM, however, the
inherent nonlinearity of matrix inversion requires algorithmic
support to split the matrix in a computationally useful way.
Nonlinearity also precludes analog MVM techniques such
as bit slicing, which are used to boost the precision of the
computation. Together, these two requirements—tolerance for
low precision, and algorithmic support for splitting the matrix
into finite-sized subproblems—Iead to the target application of
domain decomposition preconditioners.

A purely analog approach without digital bit slicing raises
potential concerns about the accuracy of computation, es-
pecially when used for scientific computing where double-
precision floating point values are the norm. However, as
discussed in the previous section, preconditioning leverages
approximate solutions, which can be computed efficiently.
Therefore, we propose that an analog circuit approximation
of the full matrix A can itself serve as the preconditioner for
the iterative solve.

To demonstrate the suitability of analog matrix inversion for
preconditioning, Figure 4 compares the normalized residual er-
ror of matrix solutions between ILU(0) and an idealized circuit
solution with finite bit resolution; the same level of precision
is assumed on the inputs, programmed matrix elements, and
outputs. This analysis uses a 1044 x 1044 sparse Wathen matrix
[39], and does not consider circuit non-idealities, which will
be addressed in the following section. Figure 4 shows that even
when the approximation uses only three bits of precision, the
ideal circuit approximation has lower error than ILU(0).

The difference in error between the two systems is caused
by the difference in the approximation methods. Recall from
the previous section that ILU approximates the matrix inverse
by using only a subset of elements in the matrix inverse. There-
fore, in a 1.5% dense matrix, such as the Wathen matrix used
in Figure 4, 98.5% of the inverse elements are dropped, and the
remaining 1.5% are represented with double precision floating
point. In situ inversion by contrast represents the approximate



value of every element in the inverse; however, each value is
only represented with only a few bits of precision.

As discussed in the previous section, in a domain decompo-
sition framework each subblock is solved individually and the
resultant vectors are combined to approximate the solution of
the full matrix. These approaches can be applied directly to the
analog matrix inversion, enabling solves from many crossbars
to be efficiently combined into a single usable solution. This
combination is still performed digitally and at high precision;
therefore, the error of the full matrix solution is based on
the approximation error of each block solve. Thus, the lower
approximation error from the analog solver, shown in Fig-
ure 4, will also reduce the approximation error of the domain
decomposition, creating a more effective preconditioner.

IV. IMPROVING PRECISION

In the previous section, we noted that preconditioning does
not require perfect accuracy. Nonetheless, there are still several
sources of error introduced during the analog computation that
can degrade the accuracy of a solution to an unacceptable
degree, and need to be addressed.

A. Analog Bit Slicing

Representing the elements of A with just eight bits of pre-
cision is challenging for many resistive memory technologies.
This necessitates a technique to split a high-precision com-
putation over multiple low-precision devices. As mentioned
previously, because matrix inversion is a nonlinear operation,
this cannot be accomplished using conventional digital bit
slicing methods.

Analog bit slicing enables splitting a matrix over multiple
arrays by connecting multiple memory arrays together through
amplifiers. This technique is an extension of an idea proposed
by Sun er al. [34], [36] to handle positive and negative values
by connecting two arrays through analog inverters. Figure 5
shows how both techniques can be combined to form an
analog solver with twice the precision of a single device,
representing both positive and negative values, using three
arrays. Using b-bit cells, the full matrix can be decomposed as
A = Ajoy +2° Apigh — 2° Ay, where a single low-order bits
matrix A,y is used to adjust both the positive and negative
values of the matrix. Since each of the three matrices is strictly
non-negative, the matrix A is discretized to 241 levels (2°
positive values and zero) such that the largest negative value
that can be represented is equal to the largest positive value.

Importantly, unlike digital bit slicing, analog bit slicing can-
not be used to achieve arbitrary precision through increasing
numbers of arrays. As the number of arrays is increased, the
column voltages must pass through multiple gain stages—
each de-amplifying the signal by 2°—to reach the lowest-
bit array. Eventually, these voltages will approach the noise
floor of the system, limiting the possible precision advantages.
Based on the observation in Section III, we focus on the three-
array circuit in Figure 5, as it provides sufficient precision for
effective preconditioning. We find that splitting each element
in the matrix into a sum of conductances lying in separate

N
o
N

N L

Ef

K

g

CIR
VANRVANRIVANIR
W W
VANRIVANRRVAN
w
EE IR
R

A A AA A

neg

Fig. 5: Analog bit slicing using a three matrix system.

arrays reduces the current flowing through each individual
array, slightly mitigating the accuracy loss induced by parasitic
resistances.

B. Compensating for Circuit Non-Idealities

Although the analog solver circuit in Figure 2 finds a precise
matrix solution in the ideal case, circuit non-idealities can
create differences between the target matrix A and the matrix
that is actually being inverted by the physical system: A*. The
latter is computed from A using a circuit simulation. Figure 6
shows the element-wise difference between A and A* for a
dense 200x200 matrix, where Figure 6¢c shows the matrix
with no compensation for these non-idealities. In this work we
focus on the impact of two non-idealities: finite gain of the
row amplifiers and parasitic resistances, as shown in Figure 6a.

1) Compensating for Amplifier Non-Idealities: As de-
scribed in Section II-A2, a virtual ground at the input of
the row amplifier is essential to enforce the needed equality
between the input currents b and the currents AZ that flow
through the crossbar memory elements. In reality, this condi-
tion cannot perfectly hold due to the non-ideal properties of the
amplifier, namely a finite gain —a (inverting), input resistance
R;,, and output resistance R,y,. When the rows are no longer
at virtual ground, the feedback connection from the output
to the input of the j® amplifier crosses not only the resistor
R;; but also through additional sneak paths within the array.
Provided that the output resistance is sufficiently small, this
effect can be well approximated as an error along the diagonal
of the matrix and thus can be corrected by programming a
compensated matrix onto the crossbar that differs from A only
along the diagonal elements. For the case of a single positive
array without bit slicing, as in Figure 2, the correction for
amplifier non-idealities is given by:
RpinAj;' i#

o Ry =4 ()

oAy — Z Aig — Ron B!
k

Rij =

where Ry, is the minimum resistance of an array element,
which is used to represent the maximum matrix element value
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Fig. 6: (a) Finite amplifier gain and parasitic array resistance can induce errors in the analog solve; (b) Compensation matrix P
for parasitic resistance; (c)-(e) show element-wise error patterns for a random 200x200 dense matrix with: (¢) no compensation
for circuit non-idealities; (d) gain compensation; (e) gain and parasitic resistance compensation. A gain of o = 10° and a
resistance ratio of 10° between the resistive memory and the parasitic resistance is assumed.
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The result of applying this correction can be seen in Figure 6
for a 200x200 matrix and a gain of a = 10°. The finite
gain introduces a pronounced error along the diagonal in the
uncompensated matrix (Figure 6¢), which is eliminated upon
applying the correction above (Figure 6d). This correction
remains accurate so long as the output resistance is small
enough to satisfy Ry < «/). y RL] for all columns 1.
When this no longer holds, the output resistance introduces an
even greater degree of coupling among all the array currents,
and a static correction to the programmed matrix will not
guarantee an effective compensation for non-ideal amplifier
properties. Nonetheless, this condition is readily satisfied by
a well-designed operational amplifier at practical array sizes,
especially if the matrix is sparse.

For the case of the three-array system in Figure 5 that imple-
ments negative weights and analog bit slicing, the correction
needs only to be applied on one of the three arrays. Let Rjoy,
Riigh, and R, denote the resistance matrices that implement
the decomposed matrices Aoy, Apigh, and A, respectively.
For the two arrays that are not directly connected to the row
amplifiers, the resistive elements can be set directly to their
corresponding matrix values, both on and off the diagonal:
Rhigh,ij = Rmin/Anigh,i; and Ruegij = Rumin/Aneg,i; for all
i and j. Additionally, Riow,ij = Rmin/Alow,ij for i # j. Zero
values are represented by the maximum resistance of the array
element Rp.x.

The on-diagonal resistances in Ry, are corrected for am-
plifier non-idealities:

o =1+ 3)

/
o' Rin

Riow,ii=——

O Ajgy,i5— Z (Allow + A;ligh +A;1eg) ik RminRizl

k
“

where o' has the same definition as in Equation (3), and the
modified matrix elements for each of the three decomposed
matrices are:

Ay = {Ax’ij
’ Rmin / Rmax
Notably, for a given choice of the matrix A, the amplifier
gain «, and on/off ratio Ryx/Rmin Of the resistive memory
element, there is no guarantee that the gain compensation
above can be applied; for this compensation to be valid for
a particular element oy 4, the denominator of Equation (4)
must remain positive. Consider a matrix A, which represents
an N x N domain of a larger problem matrix, that has a
sparsity of S (fraction of zeros). Assuming a large amplifier
input resistance Rj, > R, we can write this requirement
approximately as:

. 3NSRumn
a —_———————
Rmax

The first term assumes that the diagonal elements Aoy ;
have maximal values; using the MC64 scaling algorithm (see
Section V-B), this is guaranteed. The second term represents
the zero elements along the i row, for which Al

;eg = Ruin/Rmax- The third term represents the nonzero
elements along the i row, where v is the expected value
E[Algy + Afjign + Apegl- For a given matrix element A;;, one
of Apjgh or Apee will always be zero, and we make the worst-
case assumption that the other element is maximal. Therefore,
E[Afigh + Aneg] = Bunin/ Bmax +1 2 1. We assume that the
off-diagonal low-order bits will be randomly distributed and
thus, E[4,] = 0.5 and v = 1.5.

Rearranging the above equation and using our estimate
of v =1.5, we obtain the following requirement for gain

compensation:

AX,z'j >0

5
Ayj =0 (&)

—AN(1—8)>0 (6)

— / —
= Ahigh =

Riax
ijn

3NS
Z @ —15N(1-5) M




This relationship connects the device on/off ratio to the
amplifier gain, domain size, and matrix sparsity. There are
two possible ways that this condition may fail to be satisfied:
(1) If the right-hand side diverges, no gain compensation is
possible regardless of the device on/off ratio. In this case,
the amplifier gain is insufficient to overcome the effect of
sneak currents through the array elements that correspond to
the nonzero values of A. This is addressed by increasing the
amplifier gain, using a smaller array, or by constructing a
sparser domain. Roughly speaking, the gain needs to exceed
the number of nonzero elements in a row; the more sparse
the matrix, the smaller the gain required, which reduces the
amplifier power consumption. The required gain is larger in
the presence of input or output resistances. (2) The on/off ratio
does not exceed the value on the right-hand side. In this case,
the amplifier has sufficient gain to overcome the sneak currents
through the nonzero elements but not through all the elements
(zero and nonzero). The zero elements are implemented using
the resistance Ryax, and thus draw a small but non-negligible
sneak current.

In this work, we design an operational amplifier (Section
VI-A) whose gain is sufficient to handle the level of sparsity
that is present in a suite of representative problem matrices for
scientific computing. For the resistive devices, we assume a
resistive memory technology with an on/off ratio of 300, which
has been previously demonstrated [16]. Gain compensation is
not applied to any element that fails to satisfy Equation (7).

In many cases, a large proportion of the above amplifier
compensation term may be truncated due to finite operand
precision. However, even in these cases, accurately computing
this compensation can improve the accuracy by altering the
rounded values of each matrix. For instance, when the gain
compensated matrix is truncated to 4 bits, gain compensation
has the overall effect of zero-centering the diagonal errors
although it does not eliminate them.

2) Parasitic Compensation: A larger source of error is
the parasitic interconnect resistance between the cells in the
crossbar, shown in Figure. 6(a). As a result of voltage drops
along the rows and columns, the desired voltage fails to
appear across the memory elements, distorting the product
AZ. For in situ MVM, several compensations schemes have
been proposed that exploit the feed-forward behavior of the
circuit to balance the parasitic resistance seen across different
paths [2], [18]. These techniques are not directly applicable
to in situ matrix inversion because of the feedback paths
in the circuit. Nevertheless, a similar approach to parasitic
compensation can be applied in this case by determining a
general error pattern P, which can then be used to apply
a correction for all matrices of a certain size and parasitic
resistance.

We generate the error matrix from the observation that due
to the way that I R drops are accumulated in the memory array,
parasitic resistance affects all matrices of a given size similarly,
with a comparatively small variation in its effect from problem
to problem. We therefore compute P by starting with Ay,
which is a uniform matrix of ones with gain compensation
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Fig. 7: The accuracy of the analog solve versus matrix
size (fully dense) with and without parasitic compensation,
averaged over 10 matrices per size. An array with a device
resistance of Ry, = 1M and parasitic resistance of 0.1 2
is assumed.

applied along the diagonal. This matrix, which represents the
case where all cells draw the same current, is used as an aver-
age case for the purposes of compensation. We then compute
Aj, which accounts for the effect of parasitic resistance. The
error matrix is given by P = Ay — Af, which is shown in
Figure 6(b) for a 200200 matrix. The same general error
pattern appears at all matrix sizes. Notably, the uniform matrix
A, is singular, and therefore cannot be inverted; however, the
corresponding matrix with circuit effects Af is invertible.

For any problem matrix A, the matrix that will be pro-
grammed into the crossbar is given by: Ag,y = GC(A)+
(P+GC(A)), where GC refers to the gain compensation
equations in the previous section. The error pattern after
applying both gain and parasitic resistance compensation is
shown in Figure 6e. P is scaled by the value of A to avoid the
compensation term overwhelming small values in the matrix.
We note while the parasitic correction P—which is derived
from our choice of Aj—reveals the underlying parasitic error
pattern common to all matrices, it does not fully eliminate the
errors in A* that are specific to the problem A, which appear
as perturbations on this general pattern that can be seen in
Figure 6d.

Figure 7 shows how the accuracy of the analog solve —
expressed as the normalized residual (b— AZ)/||Z||, where Z
is the output of the circuit — degrades with increasing array
size due to parasitic resistance. We assume a minimum device
resistance of 1 M{2 (achievable with various non-volatile
memories such as flash memory and resistive RAM) and 0.1
) parasitic resistance per cell. Parasitic compensation greatly
mitigates these errors, enabling effective preconditioning even
for large matrices. We note that these results are for a fully
dense matrix; for sparse matrices, the effect of parasitic
resistance is reduced as many of the devices in the array
no longer draw any current, and even larger matrices can be



accelerated.

Although the analysis above focuses on a single uniform
parasitic value across the array, the proposed parasitic compen-
sation technique should work with randomly variable parasitic
values. The parasitic compensation matrix is based on the
average parasitic effect over many matrices, across which
the parasitic voltage drops appear in different ways. If there
is a random spread in the value of the parasitic resistance,
a compensation based on the average parasitic resistance
value will still produce a benefit for the same reason that
it remains effective for different randomly chosen matrices
and inputs. Additionally, the observation that an effective
parasitic compensation matrix can be found as a function
of only the circuit parameters suggests that tailored parasitic
compensation matrices could be extracted post-fabrication and
distributed with the accelerator based on the specific process
variation.

V. INTEGRATION WITH LINEAR ALGEBRA TOOLS

Section III discusses how domain decomposition techniques
from numerical linear algebra provide algorithmic separa-
bility to enable a scalable preconditioner system using the
solver. Similarly, other widely used numerical linear algebra
techniques are equally applicable to the proposed in situ
preconditioner. The setup process for both the digital and in
situ preconditioners are discussed below. The setup process
is done once for a solve and the same setup is used for all
iterations in a solver. Both preconditioners use the same basic
process, allowing the analog solver hardware to be directly
integrated into widely used tools without substantial overhead.
This ensures that the analog solver can integrate with, benefit
from, and accelerate state-of-the-art linear algebra techniques.

A. Matrix Partitioning

Prior work on in situ acceleration of sparse matrix opera-
tions proposed a matrix partitioning method based on recur-
sively splitting blocks. Although this technique was effective
on the matrices analyzed by Feinberg et al. [11], a more
advanced tool for matrix partitioning is widely used in nu-
merical linear algebra. Metis [19] is a matrix partitioning tool
for unstructured graphs that can produce balanced partitions
consisting of non-contiguous sets of rows by leveraging the
duality between sparse matrices and graphs.

Both the baseline digital system and the proposed ana-
log preconditioner use Metis to split the sparse matrix into
multiple domains. One important difference between the two
systems is how to handle differing sizes within domains.
This is especially important for overlapping domains, where
even if the initial domains are identical in size, there can be
significant differences in the size of the overlap regions for
each domain. Conventional digital systems can easily handle
imbalances between domain sizes. However, a hardware solver
requires the domains to remain at a fixed size that corresponds
to the size of an array. To remedy this, we developed a
new variable-overlap, fixed-size domain method where each
domain is greedily expanded until it includes exactly enough

elements for a given array size. For instance, if a domain with
no overlap that contains 1013 entires is mapped to an array of
size 10241024, the remaining 11 entries will be filled with
random neighboring entries.

B. Matrix Scaling

Matrix scaling is commonly used to reduce the condition
number of a matrix, and to improve the stability of LU
decomposition by maximizing the matrix values on the di-
agonal. We assume all matrices are structurally non-singular,
which is reasonable as singular matrices are not invertible. In
this case, there exists a permutation P and diagonal scalings
D; and Dy such that PD;AD> has ones on the diagonal
and the off-diagonal entries are all less than one [27][Thm.
2.8]. In the sparse case, the MC64 routine in HSL finds
this permutation and scaling efficiently [10]. For symmetric
positive definite (SPD) matrices, no permutation is needed and
the scaling is trivial as the larges entries are always on the
diagonal. Therefore, we will hereafter assume matrices have
been permuted/scaled to have unit diagonal.

In addition to improving condition number, MC64 scales
the weights such that they are ideal for mapping to a physical
system. The finite bounded range both maximizes the precision
of representation for each value in the matrix by optimally
using the available physical dynamic range and simplifies the
mapping of each value across the analog bit slices.

C. Preconditioner Setup

Once each domain has been appropriately scaled, the ap-
proximate solution method—either ILU or an in situ matrix
solution—is initialized. For the digital system, an ILU decom-
position is computed and the factorized values of L and U are
stored. For the in situ matrix solver, the gain and parasitic
compensation methods discussed in Section IV are applied,
the matrix elements are mapped to the appropriate resistances,
and programmed into the arrays.

D. Interfacing with the Analog Solver

Interfacing to the accelerator is similar to interfaces previ-
ously proposed for in situ MVM [5], [7], [11]. The prepro-
cessing steps described above are performed on the host, and
the processed matrices are written to the accelerator controller
which handles the specific programming operations for each
array. Unlike prior work, analog preconditioning does not
require data exchange between multiple arrays; therefore, the
data path configuration steps of prior work are not needed.
Instead, the results of each domain solve can be read out
by the host after a fixed latency. The proposed accelerator
can also integrate with prior work on in situ iterative solver
acceleration [11]. In this case, preconditioner arrays are added
to each accelerator bank, and an additional preconditioner
kernel is added to the controller program to be executed once
per iteration. In either case, the approximate solve used as
part of preconditioning is typically implemented through an
optimized library routine rather than directly implemented by
the programmer. Similarly, the analog preconditioner can be
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Fig. 8: Operational amplifier circuit with class AB output for
low static power dissipation

exposed to the programmer primarily through an optimized
APL

VI. HARDWARE DESIGN

We focus primarily on the design of the feedback amplifiers
on each row, the analog to digital converter (ADC) and
the digital to analog converters (DAC) as the components
that most directly impact system accuracy, and are optimized
specifically for the proposed accelerator.

A. Operational Amplifier Design

Given the importance of the operational amplifier (OA)
to the performance of the circuit, we design a custom OA
using a commercial 14 nm PDK. The OA shown in Figure 8
is designed using 800 mV supply voltage and achieves 12
uW static power dissipation with an estimated area footprint
of < 50 um?. The design features a pFET input differential
pair and dual nFET current mirrors. The two common-source
output transistors form a class AB output stage and are biased
in the subthreshold regime to provide a large dynamic output
current swing. The open-loop OA achieves 36 dB differential
mode (DM) gain, 28 dB common mode rejection (CMR) and
500 MHz unity gain frequency. Miller compensation is used to
adjust the open-loop phase margin to 80°, which is intended
to provide considerable stability headroom in the closed-
loop system. For dynamic circuit simulations, we model the
parasitic circuit elements within a memory cell using the
technology specifications; these include parasitic capacitance
to ground, capacitance between neighboring word lines and
bit/word-line wire resistance.

To validate the functionality, we perform transient circuit
simulations of a 64 x 64 resistive element array using the above
OA design and parasitic components based on a commercial
14 nm process. All input current sources are set to 100 ns
pulse width. For each test case, all input current sources are
identical and adjusted as a whole between 250 nA and 1100
nA so that the expected solution falls within 50 mV of the
rail voltage. Figure 9 demonstrates the output waveform for a
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Fig. 9: Top) output voltage waveforms using text matrix which
met stability conditions Bottom) example of diverging solution
by intentionally violating stability criterion

stable solution and for a test matrix that intentionally did not
meet the stability criterion discussed below.

For the circuit to converge, all OAs using negative feedback
must be stable. A negative feedback loop is created when a re-
sistive element is connected from the OA output to its inverting
input. Problematically, additional inverting sneak paths within
the array can cause the system to become unstable depending
on the A matrix. This issue was previously identified by [36]
which showed that the loop gain of every amplifier is stable
when the OA gain is sufficiently large and the diagonal of A~!
is strictly positive. In practice, this stability condition is not
a major limitation for the proposed system. This criterion is
guaranteed for positive definite matrices [15], and is also met
by many, but not all, matrices that are not positive definite.
Importantly, the criterion must be met by each 1024x1024
domain, rather than over the full matrix.

B. Ramp Analog to Digital Converter

Prior work on in situ MVM has often opted for successive
approximation register (SAR) ADCs, where a single high-
precision ADC is multiplexed over each output, and a full
MVM quantization latency is defined as the sampling period
of the ADC multiplied by the number of outputs [11]. By
producing outputs one at a time, SAR ADCs complement bit-
sliced architectures where each output requires reduction using
digital logic, and replicating the digital logic per output would
be prohibitive. Since in sifu matrix inversion is incompatible
with digital bit slicing we use a different ADC design; a par-
allel ramp ADC, similar to the system proposed by Marinella
et al. [25].
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A parallel ramp ADC (Figure 10) consists of a single shared
DAC connected to a digital counter that generates a voltage
ramp through each possible ADC output. Each column’s volt-
age is sampled onto a capacitor using an integrator, and passed
into a comparator that triggers when the ramp signal exceeds
the output value of the array and latches the counter value
into an output register. The advantage of a Ramp ADC for in
situ matrix inversion is the relatively low target precision and
large array size. The Ramp ADC is particularly advantageous
for this application since our in sifu matrix inversion operation
requires relatively low target precision and is intended to scale
to a very large array size. By assuming a SAR ADC has the
same sample rate as the clock frequency of the ramp counter,
a ramp ADC will offer a lower full-array quantization latency
if the number of levels to quantize is less than the number of
bits. The proposed accelerator targets eight-bit outputs with
1024 x 1024 arrays; therefore, a ramp ADC will quantize the
full set of array outputs 4x faster than a single SAR ADC.

C. Digital to Analog Current Converter Array

Unlike in situ MVM accelerators that can use bit slicing
or similar techniques for the input vector, the nonlinearity of
matrix inversion necessitates a current based DAC array for in
situ matrix inversion. The input vector b is scaled and mapped
to an array of 7 bit (6 + sign) fixed point current sources.

A signed current steering DAC is realized by a set of
differential pairs with a shared pFET current mirror (Figure
10). The nFET devices are sized appropriately for each bit
to provide appropriately scaled current. When the sign bit is
low, the output of the device sinks current. When the sign bit
is high, the device uses the pFET current mitror to source
current. Notably, the output voltage is ensured by feedback
within the later OA, increasing the effective output resistance.

VII. EXPERIMENTAL SETUP

We develop a detailed system model to evaluate the latency,
energy efficiency, area, and accuracy of the analog precondi-
tioner. Key parameters for the analog preconditioner are listed
in Table I.

A. Circuits and Devices

To characterize the accuracy of the matrix inversion includ-
ing parasitic effects, we develop a specialized circuit analysis

tool that computes the matrix A* for a given input matrix, de-
vice resistance range, parasitic resistance, and amplifier gain.
This tool constructs a linear conductance matrix describing
the circuit with parasitic resistances and extracts the inverse
values corresponding to each element of the original matrix.
We validated the tool against DC operating point simulations
in LTSpice [1] on 50 arrays with sizes ranging from 20x20
to 45x45. Overall, this tool has an average residual error of
0.12% and a maximum error of 2.7%. Using this tool, we can
characterize the parasitic effects on each 1024 x 1024 domain
significantly more efficiently than with SPICE. To further
improve simulation runtime, after confirming that the three-
array system had comparable errors to the single array system,
all simulations use a single array system, and zero values
are treated as open connections. However, gain compensation
is disabled for rows that do not satisfy the condition in
Equation 7.

TABLE I: System Parameters

Cells Riow = IMS, Ryigh = 300MS2, 4 bits per cell

Arrays | 3 array stack, £8 effective bits per matrix element, ITIR
ADC 8-bit ramp

DAC 6 + 1 (sign) bit

The evaluation uses process parameters from a commercial
14 nm PDK and key peripheral circuits are designed and simu-
lated using the same process. We use the circuits implemented
in Kull et al. [20] and Baert et al. [4] to model the area and
energy of the capacitive DAC and the asynchronous counter,
respectively, within the ramp ADC. The remaining peripheral
circuits are modeled using parameters from Marinella et al.
[25], which are also based on a 14 nm commercial process.
We model a resistive memory with a low resistance state of
IMQ and an On/Off ratio of Rpgp / Riow = 300, similar to the
devices used by Hu et al. [16]. For the energy estimates, we
make the worst-case assumption that every device has a resis-
tance equal to R, = IM{Q. We also draw from the circuit
designs in that work for the current conveyor integrator and the
comparators, which have been optimized for low power and
small footprint. To enable programming of individual memory
devices, we assume a I1TIR array in which each unit cell
contains an access transistor that remains on during a solve
operation. Based on a 1T1R cell layout, we extract the parasitic
interconnect resistance between memory cells as R,=8().



Based on prior work [34], we assume the matrix inversion
settling time scales as rownn./Amin Where row,,, is the
maximum number of nonzeros in a domain row, and \,,;, is
the smallest eigenvalue of the matrix. To establish a baseline
settling time for the system we compute 70wz /Amin for
the matrix simulated in Figure 9 and measure how long this
matrix takes to settle to a value within 1/512 of the final value
such that the ADC would observe no further changes. Since
the settling time is dependent on the matrix, and is not known
initially, we assume each column’s voltage is sampled onto a
load capacitor using a current conveyor every 256 ns to align
with the 8 bit ADC quantization interval. The computation
halts when two subsequent quantizations are identical. The
resistive array, its peripheral amplifiers, and the current DACs
must all remain turned on during this time. For subsequent
solves of the same matrix, the overall solve time is known, so
the quantization can be performed a full quantization interval
earlier, and the amplifiers and DACs can be powered off to
save energy.

B. Architecture

The analog preconditioner is compared against two conven-
tional systems, a CPU system with dual socket Intel Xeon-
E5 2620v3s, and a GPU system with an Nvidia Volta V100
SXM2. We measure the execution time of the LU solve
function in each domain using precomputed L and U. For
the CPU, each domain is timed individually on a single core,
which represents the best case scenario for the solve as there is
no interference from other cores. Energy is measured using the
Running Average Power Limit (RAPL) interface [8] summing
both the reported processor and memory energies. For the
GPU, the solver kernels equal to the total number of domains
are launched together to increase GPU occupancy, and GPU
power consumption is measured using the Nvidia Management
Library (NVML). For both energy measurements, we subtract
the energy consumption reported by RAPL/NVML from the
background energy consumption measured when the system
is idle.

TABLE II: Evaluated Matrices

Name Size Number of | Mean Domain
Nonzeros Condition Number

bodyy4 17,546 121,550 189.2

t2d_q4 9,801 87,025 195.2

poisson3Da 13,514 352,762 87.7

Dubcoval 16,129 253,009 84.3

C. Algorithms

We evaluate the preconditioner using GMRES(20) on four
matrices from the SuiteSparse matrix collection (Table II) [9].
We selected matrices with between 8K and 20K rows so that
the A* matrices could be realistically computed. Additionally,
we select matrices that converge to a tolerance of 1010 using
unpreconditioned GMRES(20) in more than 200 iterations.
This criterion ensures that the matrices being evaluated have
a sufficient number of iterations to distinguish between the
different preconditioning approaches.

The baseline preconditioner in our analysis is domain de-
composition (RAS) with ILU(0), meaning ILU where the de-
composition has the same number of nonzeros as the original
sparse matrix. Although more advanced ILU techniques exist,
such as ILUTP, tuning the parameters in these systems is a
significant challenge even for domain experts. We instead fo-
cus on ILU(0) for each domain solve due to its widespread use
and general effectiveness. Incomplete LU decomposition was
performed using the SuperLU [23], and cuSPARSE libraries.

VIII. EVALUATION

We evaluate the effectiveness, energy, execution time, and
area of a CPU based preconditioner compared to the proposed
analog preconditioner.

A. Preconditioner Effectiveness

Figure 11a shows the GMRES(20) iteration counts required
to achieve convergence. These results demonstrate the impor-
tance of preconditioning to iterative linear solvers, as applying
even a simple preconditioner can reduce the total iteration
count by nearly 50%. This also shows the limitation of prior
work on in situ MVM for iterative solvers [11], as without
support for preconditioning, the benefits of in situ MVM
acceleration is bounded by the increased iteration count.

Consistent with the idealized results shown in Figure 4, the
analog inversion better approximates the true inverse, resulting
in a significant reduction in iteration count. However, unlike
Figure 4, this analysis includes additional sources of error due
to circuit non-idealities, which can be compensated using the
techniques discussed in Section IV.

Importantly, some matrices that satisfy the stability condi-
tion noted in Section VI-A can fail to be effective precon-
ditioners, increasing the total iteration count. However, the
matrices which are difficult for the proposed accelerator often
require more complex preconditioners than ILU(0), thereby
increasing the cost of preconditioning. For instance, the mem-
plus matrix from the SuiteSparse matrix collection [9] requires
over 4000 iterations with an ILU(0) preconditioner. Concretely
identifying the requirements for effective preconditioning of a
broader range of matrices, and implementing more complex
analog preconditioning schemes is an important question for
future work.

B. Execution Time

Figure 11b compares the execution time of each domain
solve with the CPU and GPU based conventional systems.
The purely analog nature of the solver circuit enables each
domain to be solved several orders of magnitude faster than
conventional digital systems. The overall execution time of
the preconditioner ranges from 768 ns to 3.58 us based
on the settling time of the slowest domain. To place these
matrix solve times in the context of prior work on in situ
acceleration of iterative linear solvers, Feinberg et al. [11]
report a single 512x512 in situ crossbar operation requires
427 ns, and due to the bit slicing approach, each in situ
crossbar operations must be performed many times. Assuming



= No Preconditioner
RAS+ILU(0) Preconditioner
M RAS+Analog Preconditioner

5 B

g8 3

s 8
5 =
L

®
8
3
2 2

s
&
3

2 9

~
3
8

Runtime of Domain Solve (s)

GMRES(20) Iteration Count
o
3
8

2

bodyy4 t2d_q4 poisson3Da Dubcoval

(a) Iteration Count

bodyy4

t2d_q4
(b) Execution Time

in situ floating point emulation where each MVM requires 64
vector bit slices, the total in situ MVM requires 28 us, 7.6 to
36x slower than a 1024 x 1024 approximate solve. Therefore,
analog preconditioning can be added to previously proposed
in situ accelerators for iterative solvers with a small increase
in per-iteration runtime, maximizing the benefits that can be
realized from preconditioning.

Figure 11b also shows the CPU-based solve out-performing
the GPU-based solve. This is due to the low number of
domains in the analysis, which leaves the GPU heavily un-
derutilized. Additionally, the triangular back-substitutions used
for solve with L and U are heavily sequential and difficult to
efficiently implement on GPUs [3], [22], [26]. To make this
computation more amenable to a GPU, the number of domains
could be significantly increased. In this case, the CPU-based
system would suffer as the total number of domains would
prevent a simple mapping of one domain per CPU core.
However, the analog solver can effectively scale to many nodes
since each analog solver array is significantly smaller than
either of the CPU or GPU baselines.

TABLE III: Solver Array Energy Breakdown

Component Energy (1J) | Energy (%)
Total 1.377 100.00
DAC 1.132 82.83
ADC 0.010 0.071
Array 0.173 12.57
Amplifiers 0.061 4.46

C. Energy Consumption

Figure 11c compares the energy consumed when perform-
ing an approximate solve on a single domain between the
analog preconditioner and the conventional digital systems.
Similar to the observation above, the energy consumption of
a 1024 x1024 in situ approximate solve is comparable to the
energy consumption of a full 512x512 in situ MVM with
double precision floating point emulation [11]. Therefore, the
energy savings from fewer required iterations can be achieved
with low preconditioning overhead.

A breakdown of the energy consumption of the solver
where the circuit settles within 500 ns is shown in Table III,
where the parallel DACs are the dominant factor. This differs
significantly from in situ MVM where low-precision inputs are
typically used, and several techniques exist to handle multi-bit
inputs [40]. However, the nonlinearity of matrix inversion pre-
vents the application of those techniques. Through judicious
design of the other components, the energy consumption of the
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Fig. 11: Summary of results comparing the analog preconditioner to conventional digital systems.

poisson3Da

high precision DAC is tolerable. One important part of the low
energy consumption is the OA discussed in Section VI-A. No-
tably, this OA only has a 36 dB differential gain, significantly
lower than is potentially required for a 1024x1024 array
(Section 1V). However, due to the sparsity of the matrices
of interest, and the matrix scaling to create a unit diagonal, a
low gain amplifier can be used with significant energy savings.

TABLE IV: Solver Array Area Breakdown

Component Area (mm?) | Area (%)

Total 0.543 100.00

DAC 0.1131 20.84

ADC 0.0223 4.11

Array 0.2538 46.75

Amplifiers 0.1537 28.30
D. Area

An area breakdown of an analog domain solver is shown in
Table IV. The DAC array is quite small despite being power-
hungry due to the small footprint of the differential pairs.

The overall area of 0.543 mm? for each solver is small
enough that in situ preconditioners could be readily integrated
with previously proposed accelerators for iterative solvers. For
instance, the accelerator proposed by Feinberg et al. has a total
area of 539 mm?. Adding an analog preconditioner circuit to
each bank would incur only a 13% overhead, while providing
over 50% speedups as discussed in Section VIII-B.

E. Initialization Overheads

In order to conduct the analog solve operation, a matrix
must be written into the array. We estimate the cost of writing
and fine-tuning a 1024x1024 crossbar of ReRAM devices,
stored in a 1TIR array with 4 bits per cell. SET and RESET
operations require ltom = 20pA, Isgr = 20pA, and Irgsgr =
40pA, similar to values given in prior work [24], [38]. The
proposed system employs low-power writes to drive down total
system cost; word-lines charged to low values (V,; < 0.7V)
provide sufficient current to write devices in a commercial 14
nm process. Given a sparsity of 5% nonzeros, we assume a
column-wise write-verify scheme can perform parallel writes
[12], [13]; therefore, we estimate the per-column write budget
is 920 nJ over 30 iterations. Assuming all three arrays shown
in Figure 5 must be written, this yields 3.9 mJ per initial write
operation. These iterations are also the dominant latency for
initialization. Assuming a 20 ns write pulse per column per
iteration, the worst case latency for writing a 1024 x 1024 array
is 1.229 ms. Including read operations, the total latency for a
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iterations.

full array write is 1.686 ms, or 5.058 ms if all three arrays are
programmed sequentially.

However, iterative solvers are often used as part of a
sequence of solves where the underlying matrix is updated
between solves. In this case, when fine tuning the nonzeros
from a previous solve, only 10 iterations are required, and
updates are only needed in two of the three arrays. Therefore,
when fine tuning the energy cost falls to 867xJ, and latency
drops proportionately to 512us per array. Notably, the initial
ILU(0) factorization on the baseline system can take several
milliseconds; therefore, even in the initial write case, the
setup costs of the analog preconditioner are comparable to
digital systems, and the analog solvers are more efficient once
initialized.

FE. Sensitivity to Circuit Parameters

Figures 12 shows the effect of different types of precision
on the efficacy of the preconditioner. In general increasing the
number of DAC bits is the most effective way to improve the
preconditioner, but as discussed above it is also typically the
most expensive. By selecting a 6 bit DAC, the proposed system
can maximize the effectiveness of the preconditioner within a
tight energy budget, as there are significant diminishing returns
on adding a 7th DAC bit.

Decreasing the minimum resistance below 1M makes
three of the four test matrices non-convergent, although above
that threshold increasing the resistance has little effect. This
suggests that the parasitic compensation technique discussed
in Section IV may introduce, rather than eliminate noise when
the parasitic resistance effects are small. Additionally, the
lack of convergence for these matrices below 6 bits per cell
suggests that analog bit slicing is currently necessary to realize
analog preconditioning; however, stacking additional arrays

does not appear necessary. Therefore, the potential noise limits
of analog bit slicing are unlikely to be a significant problem.

IX. CONCLUSION

This work demonstrates the potential of a new in sifu kernel
for matrix inversion that utilizes analog emerging devices and
circuit optimizations. Unlike prior work on in situ MVM, the
non-linearity of matrix inversion creates several challenges
requiring careful co-design of the hardware and algorithm
to develop an accelerator for useful problems. Nevertheless,
an appropriate co-design approach enables an accelerator that
requires minimal support from inefficient special-purpose dig-
ital logic. The proposed accelerator design leverages existing
tools and techniques from numerical linear algebra, simplify-
ing the integration of the accelerator into existing systems.
The combination of co-design and detailed circuit analysis
to compensate for non-idealities enables a preconditioning
accelerator that is both up to 50% more effective than a
commonly used preconditioner, and improves the runtime
and energy consumption of the preconditioner by 105x and
1025x respectively. Although the proposed accelerator is not
currently applicable to all matrices, and focuses on a single
preconditioning technique, these results suggest that analog
preconditioning has significant potential for numerical linear
algebra.
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